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D ■ Abstract. A minimal type of the even 2-adic Weil representation is 

described. The Hecke algebra of this type is isomorphic to the classical 
affine Hecke algebra of type B n . In this way the Weil representation 
of a metaplectic group corresponds to the trivial representation of an 
orthogonal group in the local Shimura correspondence. 

Introduction 

Let W be a nondegenerate symplectic space of a p-adic field, let G = 
Sp(W) be a nontrivial two-fold central extension of the symplectic group 
G = Sp(>V) of type C n , and let cu be the Weil representation of G. If p 
is odd, w has a one-dimensional subspace upon which the inverse image of 
the Iwahori subgroup acts. This minimal type was used by Wee-Tek Gan 
and Gordan Savin in [2] to establish an equivalence of categories between 
certain representations of G and certain other representations of orthogonal 
groups of type B n . In this equivalence, the even Weil representation w e 
corresponds to the trivial representation of a split adjoint group of type B n . 
In particular, the correspondence is realized as an isomorphism between the 
Hecke algebras of these types and the affine Hecke algebras of type B n . 

If p = 2, there are no Iwahori- fixed vectors of the Weil representa- 
tion. However, for the two-fold cover SL2(Q2) of SL2(Q2), there is a one- 
dimensional type of the Weil representation for the first congruence subgroup 
of the Iwahori subgroup. The corresponding Hecke algebra was shown to be 
isomorphic to that of PGL2(Q2) in [7]. The main result of this paper is to 
extend the result for p = 2 to larger symplectic groups; that is, to find a 
minimal type whose corresponding Hecke algebra is the affine Hecke algebra 
of type B n . 

The description of the appropriate open compact subgroup stems from 
the following fact: in characteristic 2, a symmetric quadratic form is alter- 
nating. Hence, the finite orthogonal group 02n(2) is a subgroup of the finite 
symplectic group Sp 2n (2). If B' is a Borel subgroup of 02n(2) which sits in 
a Borel subgroup B of Sp 2n (2), then the inverse image K_ of B' (under the 
projection map Z2 — > ¥2) is a subgroup of index 2 n of the Iwahori subgroup, 
as pictured in the diagram below. 
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K I Sp 2n (Z 2 ) 



B> * B Sp 2n (2) 

In the SL 2 case, this subgroup K is exactly the subgroup from [7j. Let K 
be the inverse image in G of K_. 

Section 1 of this paper is dedicated to fixing notation and summarizing 
previously known, but relevant, results. In Section 2, the SL 2 case is worked 
out in detail. Specifically, the one-dimensional subspace on which K acts is 
the span of the characteristic function of Z 2 . Since K is an index 2 subgroup 
of the Iwahori subgroup, the support of the associated Hecke algebra H is 
potentially much larger than that of the classical Iwahori-Hecke algebra. 
However, it is shown that % is supported exactly on those K-double cosets 
parametrized by the affine Weyl group. Using some general facts about 
Hecke algebras and finite- index subgroups, generators To and T\ for T~L are 
given which satisfy only the quadratic relations 

(T -2)(T + 1) = 0, and {T x - 1){T X + 1) = 0. 

These are exactly the quadratic relations for the affine Hecke algebra of 
PGL 2 (Q 2 ). 

In Section 3, the general symplectic case is described. In this setting, 
the one-dimensional K-type is the span of the characteristic function of the 
standard lattice, and the support of the associated Hecke algebra % is again 
reduced to those -fT-double cosets parametrized by the affine Weyl group. 
Similar to, and drawing from, the SL 2 case, generators Tq, . . . ,T„ for ~H are 
defined which satisfy the quadratic relations 

(T-2)(T + 1) = 0, and (T n -l)(T n + l) = 0. 

The braid relations for these generators are given by the following Coxeter 
diagram. 

• • • — • • • — • • 

T T x T 2 T n 

The affine Hecke algebra A of type B n has generators to , . . . , t n which satisfy 
the quadratic relations {ti — 2)(ij + 1) = 0. The Coxeter diagram of type B n 
has an involution given by xt\i = to, which satisfies t 2 = 1 and rtirti = 
tixtir. The isomorphism between % and A is given by 

t n h^T , ... t x i-> T n _i and T (->• T n . 

This paper is a part of the author's Ph.D. thesis. The author would like 
to thank his advisor Gordan Savin for his invaluable guidance throughout 
this endeavor. 
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1. Preliminaries 

In this section, notation will be fixed and some previously known, but 
relevant, results will be summarized. 

1.1. Symplectic Vector Spaces. Let W be a 2n-dimensional vector space 
over a field F, and let Q be a nondegenerate, skew-symmetric form on W. 
Such a form Q is called a symplectic form and such a vector space W is 
called a symplectic space. 

A subspace X of W is isotropic if Q is identically zero on Af. For a 
maximal isotropic subspace X of W, there is a complementary subspace 3^ 
which is also a maximal isotropic subspace of W, and each of Af, ^ is a vector 
subspace of dimension n. Such a decomposition W = X + ^ into maximal 
isotropic subspaces is called a complete polarization of W. 

Let A? + jy be a complete polarization of W and let {e{\ be a basis of 
X . There is a basis {fi} of y such that Q(ej, /j) = 5jj. The resulting basis 
{ei, . . . , e n , f\, . . . , / n } of W is called a symplectic basis. Under such a basis, 
elements of W may be considered as column vectors and the symplectic form 
Q may be expressed as 

Q(u, v) = J uJv, 

where J u denotes the transpose of u and J is the 2n x 2n matrix 



J = 



1 
-1 



1.2. Symplectic Lie Algebras. Let W be a 2n-dimensional symplectic 
space over C with symplectic form Q. The symplectic Lie algebra, sp(W), 
is defined to be the Lie algebra of linear endomorphisms T of W satisfying 

Q(Tu,v) + Q(u,Tv) = 

for all u,v in W. The set sp(W) is a vector space under the usual addition 
and scalar multiplication of linear operators and an algebra under the Lie 
bracket 

[T 1 ,T 2 ]=T 1 T 2 -T 2 T 1 . 

Under the symplectic basis, sp(W) becomes the Lie subalgebra of 0t2n(C) 
given by 

a b 



sp(W) = 



G g[ 2n (C) : b = Tft, c = t c 



c — 'a 

where the T a denotes the transpose of the matrix a. 

1.2.1. Cartan Decomposition. Let f) be the Cartan subalgebra consisting of 
diagonal matrices in sp(W) and let f)* = Homc(f), C) be its linear dual. The 
Cartan subalgebra is n-dimensional and an arbitrary element H of f) is of 
the form 
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where a is a diagonal matrix with entries a±, . . . , a n . The dual basis of h* is 
Ai, . . . , A n , defined by \(H) = <n. 

Let Eij be the n x n matrix with a 1 in the ijth position and elsewhere. 
The one-dimensional subspaces of sp(W) that lie outside of F) are spanned 
by the following matrices (where i ^ j): 



E 





-E,. 



E. 



I.I 







" 


En 







" 
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1 


En 






and 







E; 



J n + Eji 

For the H E f) , the Lie bracket [H, X] is given by 








dj)X 
2cnX 
-2a,- X 



(ai + aj)X 



(Ai - hj)(H)X 
2\{H)X 
-2\{H)X 
{\ + \j)(H)X 
-{Xi + \j){H)X 



if X is of the first type, 
if X is of the second type, 
if X is of the third type, 
if X is of the fourth type, 
if X is of the fifth type. 



-((ii + aj)X = 

Therefore, the roots in fj* are 

$ = {±A i ±A j :i/i}u{±2A i }. 

The roots in the first set are called short roots and those in the second 
set are called long roots. If the elementary matrix corresponding to a root 
a is denoted by X a , then the root space of a is CX a , and the Cartan 
decomposition is 

sp(w) = fj e cx «- 

1.2.2. Roots. Consider the real vector space f)j™, defined to be the M-span of 
{Aj}. This vector space is a Euclidean space under the usual dot product, 
denoted ( , ), which is symmetric and positive definite. This inner product 
is the same as the one which arises from the Killing form on f) (see [9]). For 
convenience, if (x, A E f){L write 



2(M) 

(A, A) ■ 



For each A E f)j|j, define the reflection s\ on f)Jj by 

= M-- (^A)A. 

The proof of the following proposition can be found in pQ. 

Proposition 1.1. XTie set o/ roots $ forms a root system in f)jjj, and II = 
{ai, . . . , a n } forms a set of simple roots in <I>, where tXj = Aj — Aj+i, /or 
j = 1, . . . , n — 1, and 0Cn = 2A n . T/ie corresponding set of positive roots is 
= {X i ±\j :i<i}u{2Ai}. 
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For % = 1, . . . ,n, define s« to be the reflection s Ki . The Weyl group W 
of sp(W) is the finite group of reflections s a for cc in It is a Coxeter 
group and is generated by the set of simple reflections {si,...,s n }. The 
braid relations for the generators of W are given by the following Coxeter 
diagram (see [3]). 



si s 2 s n 
1.2.3. Affine Roots. The set of affine roots is the set 

$ aff = {«|n:ae$,neZ} 

of affine functionals on f) which act by (a + n)(H) = <x(H) + n. Let a* be 
the highest root in <i> given by 

a* = 2Ai = 2«i H + 2a n _i + a„,, 

and define the affine root cxo by 

Oo = 1 — a* • 

For each affine root y, the affine reflection s y is the reflection in rj across 
the hyperplane {H : s y (H) = 0}. Define sq to be the affine reflection 
•so 



The group W of affine reflections is called the affine Weyl group; it is a 
Coxeter group and is generated by the simple affine reflections {so, s\, . . . , s n }. 
The braid relations for these generators of W aS are given by the following 
Coxeter diagram (see [3]). 



so si s 2 s n 
1.2.4. Chevalley Basis. For each a G <1> + define H a = [X a , X_ a ]. More 
explicitly, 



if X n 



E, 



'j 









-E 



if X n 



3 1 

-Eij + Eji 




if X n 









then Ho, 
then ff a 
then Ho, 



Eu — E 



03 









-En + £7. 



E%% ~t~ 




-En — E 



j j 



En 






-E;, 



The proof of the following proposition can be found in p] or [9]. 

Proposition 1.2. T/ie following properties hold for all cx, |3 G <3?. 

J. [# a ,#p] =0. 

2. [#«,Xp] = ((3,a)X p . 

(H* i/(3 = -a, 

5. LY a , X p ] = ^ c (a, (3)X a+p j/ a + (3 G 

[ otherwise, 
where c(a, (3) is either ±1 or ±2. 
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In particular, {X a : «6 $}u {H a : a G 11} is a Chevalley basis for sp(W). 

1.2.5. Universal Enveloping Algebra. Let IA be the universal enveloping al- 
gebra of sp(W). The Poincare-Birkhoff-Witt Theorem implies that sp(W) 
can be embedded into U and that, if {Y\, . . . , Y r } is an ordering of the ba- 
sis {X a : a G <!>} U {H a : a G 11} of sp(W), then the set of monomials 
ymi . . . ym r form a bagis for u ( see [|])_ 

1.3. Symplectic Groups. 

1.3.1. Classical Symplectic Groups. Let W be a symplectic space of dimen- 
sion In over a field F with symplectic form Q. The symplectic group Sp(W), 
is defined to be the group of linear automorphisms of W that preserve the 
symplectic form, i.e., those linear operators T : W — > W such that for all 
u, v in W, 

Q(Tu,Tv) = Q{u,v). 

Under a symplectic basis, Sp(W) becomes a matrix group. If x is the 
matrix corresponding to a transformation T, with 

_ a b 
X ~ [ c d \ ' 

then 

T a(f — T c6 = 1, T ac = T ca, and T 6d = J db. 

If n = 1, then the only condition is ad — be = 1, in which case the symplectic 
group is SL2(.F). 

1.3.2. Symplectic Chevalley Groups. Following [9], the classical symplectic 
group can be constructed from the symplectic Lie algebra sp 2n (C). Let W be 
a symplectic vector space over C, let U be the universal enveloping algebra 
of sp(W), and let Ui be the subalgebra of U generated by the divided powers 
X™ /ml. Under the natural representation of sp(W), and hence of U, on W 
elements of hi may be viewed as elements of the matrix algebra. In this 
setting, each X\ = 0, so Uz is generated by 1 and {X a :«£$}. Therefore, 
since W is the natural representation, the standard lattice 

L = Zei © • • • © 7Le n © Zfi © • • • ® Z/ n 

is the Z/^-invaxiarrt lattice guaranteed by Corollary 1 of Theorem 2 in [9] . 

Fix a field F; for an element t in F and a root a in one obtains the 
natural action of 

oo „ n 

x a (t) = exp(tX a ) = y t n ^- = l + tX (X 
L — ' n! 

n=0 

on Wf = L (g)g F, which is the F-span of e\, . . . , e n , fi, . . . , f n . In other 
words, x a (t) may be interpreted as the actual matrix 1 + tX a with entries 
in F. 
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For the data (sp(VW), W, F) , one obtains a Chevalley group G, generated 

by 

{x a (t) :i£F,aef}. 
This group G is exactly the classical symplectic group described above (see 

i)- 

The following elements play an important role in the theory of Chevalley 
groups. For t £ F x , define 

w a (t) = x a (t)x_ a (-l/t)x a (t), 

h a {t) = W a (t)Wcc(-l). 

In addition, define the elements w\, . . . ,w n of G by 

where II = {ai, . . . , a^} is the set of simple roots. The elements w\, . . . ,w n 
form a set of representatives of generators of the Weyl group W in G (see 
iorP). 

Suppose now that F is a nonarchimedian local field with uniformizer w 
and ring of integers O. For any affine root y = cx + n, where a is a root and 
n is an integer, define the element 

Xy(t) = X^^t) 

define G y to be the subgroup of G generated by {x y (t),x- y (t) : t € F}, and 
define K y to be the subgroup generated by {x y (t), x- y (t) : t £ O}. Consider 
the map e y : SL2(i ? ) — > G given by 



1 t 
1 



i y Xy(t), and 



1 

t 1 



^ X- y (t). 



Under e y , the image of SL^i 7 ) is G y and the image of SL2(0) is K y . 
In addition, for the affine root y = a + n, define the element 

w y (t) = Wa.(m n t) 

of G y . For the simple affine root «o = 1 — a * from Section fl.2.3( define the 
element wo of G to be 

The set {t^o, wi, . . . , w n } is a set of representatives in G of the simple reflec- 
tions {so, si, . . . , s n } that generate the affine Weyl group (see [5]). 

1.3.3. Generators and Relations. A summary of the results on generators 
and relations in [9] for the symplectic Chevalley group G is the following. 
First, G, which is generated by the x a (i), satisfies the following relations: 
for any a,pG$ and t,uE F (nonzero where necessary), 

(Rl) z a (t)x a (n) = x a (t + u); 

(R2) (x K (t),xp(n)) =Y[x i(X +j${cijt t u ] ), for a + (3 / 0; 

(R3) w K {t)x^u)w x {-t) = x_ a (-t~ 2 -u); 

(R4) w a (l)x p (t)w a (-l) = x Sa{ |3)(c£); 
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(R5) u>«(l)fcp(t)Ti; B (-l) = h Sam (t); 
(R6) h et (t)xp(u)h ei (t)- 1 = xi(tQ'«)uy, 
(R7) h a (t)h a (u) = K{tu). 

In (R2), the product is taken over the roots that are positive linear combi- 
nations of a and (3, and Cjj = Cj 3 (a, (3) is ±1 if the angle between the roots 
is 37r/4 and ±2 if the angle is tt/2. In (R4), c = c(a, |3) = c(a, -(3) = ±1. 

Second, relations (Rl) through (R6) are consequences of (Rl) and (R2) 
if G = Sp 2n (F) for n > 2 or of (Rl) and (R3) if G = SL 2 (F). Hence, these 
two relations along with relation (R7) form a complete set of relations. 

1.3.4. Central Extensions. A group G' is a central extension of G if there 
is a surjective homomorphism from G' to G whose kernel lies in the center 
of G' . A central extension E of G is universal if it a central extension of 
any other central extension of G. By Theorem 10 of [9], a universal central 
extension E of the symplectic Chevalley group G exists and is the group 
defined abstractly using only relations (Rl) and (R2). (In the SI^-F) case, 
the universal central extension is abstractly defined using only relations 
(Rl) and (R3).) Hence, the relations (Rl) through (R6) can be lifted to any 
central extension of G. 

The preceding paragraph implies that the elements x a {t) lift uniquely to 
elements x' a (t) in any central extension G' . Therefore, w a (t) and h^t) lift 
canonically to w' K (t) and h' a (t) in G' via the formulas 

/4(t) = «4(*K(-i)- 

The relation (R7) is the only relation of G which does not hold in G' , so 
the symbol (t,u) given by /i' a (t)/i' a (u) = (t,u)h' a (tu) provides the necessary 
information about this central extension. 

1.4. Induced Representations and Hecke Algebras. Let H be a finite 
index subgroup of an arbitrary group G, and suppose that G admits a left 
Haar measure normalized to give vol(-ff) = 1. The space of complex- valued 
functions on G will be denoted C(G). Fix a complex representation (n, V) 
of G and a character x : H — > C x oi H. The objects of interest are 

1. the induced representation (a, U) = ind^r X; where cr acts by right trans- 
lation on the vector space 

U = {ct> G C(G) : $(hg) = x(h)$(g) for h e H, g G G} ; 

2. the subspace V^'^ of V given by 

V H * = {v G V : 7t(fc)u = x(^)« for /i G H}; 

3. the Hecke Algebra U = U{G//H;x) defined by 

H = {/ G C(G) : f(h 1 gh 2 ) = x{hi) f {g)x{h 2 ) for huh e H, g e G}. 
The proofs of the following two propositions are straight-forward. 
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Proposition 1.3. The spaces Horn// (71, x) and Homo (n, cs) are isomorphic. 
Proposition 1.4. The space V H >* is an %-module under the action 

n{f)v= / f(g)(n(g)v)dg. 
Jg 

Proposition 1.5. The Hecke algebra T~L is isomorphic to the endomorphism 
ring ofU. Moreover, elements ofH not supported on H act on U as trace- 
zero endomorphisms. 

Proof. Define a map H -»• End(f7) by / i-> T with T(cb) = f * cb. T(<|>) is 
indeed an element of U since 

T(4>)(hg)= [ f(x)4>(x- 1 hg)dx= [ f(yh)^(y- 1 g)dy = X (h)T(^)(g). 
jg Jg 

Define a map End(?7) — > % by T 1— > f with f(g) = T( X )(g), where x is the 
extension of x by zero to all of G. This / is an element of H, since x being 
an element of U H,X implies that 

f(high 2 ) = T(x)(h l9 h 2 ) = X (hi)(j(h 2 )(T(x)(g)) = x(W(<?)x(M- 
The composition % — > End(?7) — > % of these two maps is the identity, since 

T(x)(g) = I f(x)x(x- 1 g)dx = [ f(x- 1 g X (x)dg = f(g). 
Jg Jh 

Suppose that / G H is not supported on H. Since the functions char(Hx), 

for x G H\G, form a basis of U, to check that the trace of / is zero it suffices 

to see that (/ * 4>)(x) = for cf) G U with supp(cb) = Hx / H. Indeed, for 

such a c}), 



(/**)(z)= / fig^ig'^dg 



/ • <t>(g- 1 x)dg = if<?G#, 

/ f(g)-0dg = Hg?H. 
{Jg 



□ 



These two ^-modules are compatible in the following way. Let V\ , . . . , V n 
be the irreducible representations of G such that V i ' x is nontrivial. The 
matrix coefficients v*(ni{g~ l )vi), for v* G V^* and Vi £ Vi, give a part V£(8> 
Fj* of the decomposition of C(G), and hence, 



n 



U H * = ®V?> 1i ®V?. 



1=1 



In particular, if (b(g) = v*{ni(g 1 )vi), then 

(/*(j))(x)= / f(g)v*(n i (x- 1 g)v i )dg 
Jg 

= v*(n t (x- 1 )(n t (f)v l )) 
= ni{f)(vi®v*). 
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1.5. Characters of Q~. Let ib be a nontrivial, smooth, additive character 
of Q p . As i[> is locally constant, there exists a smallest integer c , called the 
conductor of i[>, such that xp is trivial on p c 7L p . The proof of the following 
proposition can be found in [10] . 

Proposition 1.6. Fix a nontrivial smooth character ij> o/Q p . Every smooth 
character of Q p is o/ i/ie /orm x i— > ip(ax) /or some a in Q p . 

There is a natural projection from Q p to Qp/Z p , a canonical embedding 
OI Qp/Z p into the p-torsion of Q/Z, and a nearly canonical embedding of 
Q/Z into C x given by x i— )■ e 27rlz . The composition of these maps 



\b a (a;) = ipi(ax), 

which has conductor c = — val(a). According to Proposition 11.61 these 4> a 
account for all nontrivial, smooth, additive characters of Q p . 

1.6. Fourier Transform. Let S(Q P ) denote the set of Schwarz functions on 
Qp, i.e., the set of smooth, compactly supported complex valued functions 
on Q p , and fix i[> to be an additive character of Q p of conductor c. The 
Fourier transform (with respect to ib) on S(Q P ) is given by cp i — cp where 



For the given ib, the Haar measure on Q p will be normalized so that = 
(£>(— y). The appearance of a 2 in the Fourier transform affects the role of 
the conductor of 4> for p = 2, so it will be convenient to define 



Proposition 1.7. Suppose that cp is supported on p mr L v and constant on 



Q p -» Qp/Zp ^ Q/Z ^ C 



x 



defines an additive character \[>i : Q p — > C x of conductor c = 0. 
For a in Q x , define the character 4> a : Q p — > C x by 





p n 7L p -cosets for m < n. Then (J) is supported on p 



( c 6 ^Zp and constant 



on p m +( c ^Th p -cosets. 



Proof. Since cp is constant on p n Zp-cosets, 




iK-2p n y)cj>(y) 
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so $(y) ^ if and only if y G p- n+(c ~ 6) Z p . 

The Fourier transform <£> is constant on p r Z p -cosets if and only if r is the 
smallest integer such that \\>(2p r u) = 1 for all u G p m Z p , which happens if 
and only if r = — m + (c — 5). □ 

Proposition 1.8. For m G Z, denote the characteristic function of p m Z p 
by cb m . TTien 

$ m =^ m+(c - 6)/2 4)- m+ ( c - 6 ) 

Proof. The Fourier transform of 4> m is given by 

J p m Zf) 10 otherwise. 

The normalization of the Haar measure on Q p gives 

4) = $ = vol(Z p )$ c _s = vol(Z p ) vol(p c -%)4) = jT (c ~ 5) vol(Z p ) 2 4)o, 

so the measure (with respect to ib) of Z p is £>~( c_5 )/ 2 . □ 

Corollary 1.9. If is a character of conductor c = 5, then the Fourier 
transform with respect to i[> is given by 4> m = p~ m (\)- m . 

1.6.1. Functions on Q p . Suppose that 3^ is a vector space over Q p and con- 
sider elements of y as column vectors with respect to some basis. Let S(y) 
denote the set of Schwarz functions on y and fix an additive character i[> of 
Qp. The Fourier transform with respect to iJj on S(y) is defined by cf? i — > cj? 
where 

= / 1^(2 ^uy)^>(u)du. 

Jy 

The Haar measure on y is also normalized to give cj)(— y) = cp (y) . 

1.7. Weil Representation. Let F be a nonarchimedian local field with 
absolute value | • | , let W be a 2n-dimensional symplectic space over F with 
symplectic form Q, and fix an additive character 4> of F. 

The Heisenberg group H(W) is defined to be the set W x F with group 
multiplication 

(u, s) ■ (v, t) = ( u + v , s + t + Q(u, v)) . 

The center of H(W) is Z = {(0,*)} = F; indeed, G Z if and only if 

Q(u,v) = for every u in W. Since the symplectic group Sp(W) preserves 
Q, it acts on the Heisenberg group by 

g(v,t) = (gv,t). 

Let (p, S) be a representation of H(W) with central character i)j; that is, 
p(0, = i|)(t)/i. One can twist p by g G Sp(W) to obtain the representation 
(p 9 ,S") given by 

p 9 (M) = p(^(v,t)) = p{gv,t), 
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which also has central character i[>. By the Stone- von Neumann theorem, 
p 9 must be isomorphic to p, so for each g £ Sp(W), there exists an operator 
T(g) : S —> S, unique up to a scalar in C x , which intertwines the two 
representations; that is, 

T(g)p = p°T(g). 

This operator T : Sp(W) — > GL(S')/C X is a projective representation of 
Sp(W). Define a subgroup Sp(W) of Sp(W) x GL(5) by 

Sp(W) = {{g,T(g)) : T( 5 )p = P 9 T( 5 )}. 

This group is called a metaplectic group and fits into the exact sequence 

1 ->■ C x -> Sp(W) -> Sp(W) -»■ 1. 

Sp(W) is a central extension of Sp(W) by C x , so T lifts uniquely (see [9]) to 
a linear representation cu : Sp(W) — > GL(5), called the Weil representation 
with respect to ib. 

1.7.1. Models. For any closed subgroup Z of W define 

Z^jue W :il>(Q(u,ar)) = 1 for all z G Z}, 

which is also a closed subgroup of W. Define H(Z) to be the subgroup 
Z x F of the Heisenberg group, and assume that Z C ^ _L . The character il> 
can be extended trivially to H{Z) by 4>(z,t) = indeed, 

\l)((zi,tl) • (Z2,t 2 )) =^(zi + 2 2 , tl + t 2 + Q{ZX,Z 2 )) 

= MtiMh)^[Q(zi,z 2 )) 

= ^(z 1 ,t 1 )^(z 2 ,t 2 ). 

Define (p, Sz) to be the induced representation ind^^ i|j of H(W); that 
is, p acts by right translation on the space 

1. / has compact support modulo H(Z), 
f€C°°(H(W)) : 2 - f( zh )=Mz) f(h) totalize H(Z), he H(W), 
^ '' ' 3. there exists an open compact subgroup Kf of 
H(W) such that f(hk) = f(h) for all k e Kf 

The restriction of p to the center of H(W) is given by 

(p(0,t)/)(/i) = / (h ' (0, £)) = f((0,t)-h) =Mt)f(h), 

hence p has central character tJj. 

For different such closed subgroups Z of W, one can build a model for p 
and hence a model for cu. If Z is a maximal isotropic subspace of W, the 
model is called Shrodinger's model. 



A MINIMAL TYPE OF THE 2-ADIC WEIL REPRESENTATION 



13 



1.7.2. Schro dinger's Model. Let X + y be a complete polarization of W. As 
X is a maximal isotropic subspace of W, Q is identically zero on X, and 
hence X = X^. Following the construction above, one obtains the space of 
functions Sx- The space Sx is canonically isomorphic to the space S(y) of 
Schwarz functions on y via the map Sx — > S(y) given by / >->■ 4>, where 

<\>(y) = f(y,0). 

Proposition 1.10. In Schrddinger's model, the representation p takes the 
form 

(p(x,0)cb)(yo) = i|>( - 2Q(x,y ))4>(yo) 

(p(y,0)cj))(yo) = *(y + yo) 
(p(o,t)*)(yo) = Mt)Hvo) 

Proof. Let t G F, x G -f, and yo> 2/ £ D- 7 - Then 
(p(x + y, t)cb) (y ) = f((yo, 0) ■ (x + y, i)) 

= f{x + y + yo, t + Q(y ,x + y)) 

= f((x, t + Q(y , x) - Q(x, y + y )) ■ (y + y , 0)) 

= ^(x,t-Q(x,y + 2y ))f(y + y ,0) 

= T\>(t-Q(x,y + 2yo))4>(y + yo). 

□ 

The next step is to find the intertwining operator T. The group Sp(W), 
under the symplectic basis corresponding to the polarization X + y, is gen- 
erated by the following types of matrices: 



x(b) = 
h(b) = 



1 



w 



b 
1 

1 



(b a symmetric n x n matrix), 
(b an invertible n x n matrix), 



-1 



Proposition 1.11. T/ie intertwining map T : Sp(VV) -> GL (5(3^))/C x is 

T(x(6))cf)(y)=i|;(Vy)ct)(y) 

T(h(b))Hy) = H J by) 

T(w)<$>(y) = $(y), 

where <J) denotes the Fourier transform of cf) wii/i respect to the fixed char- 
acter ib. 
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Proof. Note that the action of (0, t) under p will clearly be intertwined by 
these operators, and hence it remains only to verify the proposition for 
Po(x,y) = p(x + y, 0). First, the formula T(g)p = p 9 T(g) is verified for 
g = x{b): 

pfW)(r(£(&))*)(!to) 

= p (x,bx + y)(r(x(b))(\>yy ) 

= - \x + by)(y + 2yo)) (r(x(6)) cb) (y + y ) 

= - T (x + by)(y + 2y ))^( T (y + yo)b{y + y ))*(y + 2/o) 

= ^( J y by )^( - J x(y + 2y ))<Kl/ + Ifo) 

= 4 , ( T yo%o)(po(a;,y)(t') (2/0) 

= r(x(6))(p (x,y)4))(yo). 
Next, it is verified for 5 = 

pf\x, y )(r{h(b))4>)(yo) 

= Po (te,T6- 1 y)(r(/i(6))c|))(yo) 

= i|>( - My + 2 % )) (r(^(6))(|)) ( yo ) 

= iL.( - T x(y + 2 %o))*(y + %o) 

= (poO,y)4>)( T &yo) 

= r(fe(6))(po(x,y)<|))(iA,). 

Finally, it is verified for g = w: 

p%(x,y)(T(w)4>)(y ) 

= Po(y,-ar)$(y ) 

= - T y(-x + 2j/o))$(-x + y ) 

= ^(-iy(-x + 2y )) [ ^(2^u(-x + y ))^>(u)du 

Jy 

= - T j/(-x + 2y )) / M>(2 T (t> + y)(-x + y )(\>(v + 
= / ^(2 J vy )^(- J x(y + 2v))(\>(v + y)dv 

Jy 

i\)(2 J vy )(p (x,y)<\))(v)dv 



L 



iy 

= T(w)(p (x,y)(\)){y ). 

□ 
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Considering Sp(W) as a central extension of the symplectic Chevalley 
group, take x(b), h(b) and w to be the canonical lifts of x(b), h(b), and w, 
as in Section 1.8. The Schrodinger model of the Weil representation a> is 
given by 

x(b)<b(y) = ct b ^( J yby)<b(y) 
h(b)4>(y) = fo\det(b)\ 1 ' 2 Wby) 

w<k{y) = Yi$(y) 

for some constants a&, Pb,yi G C x . The factor | det(6)| 1 / 2 is a normalization 
term that is included for convenience. 

This representation is not irreducible. Since ib( T (— y)6(— y)) = \\>( J yby), 
and since the Fourier transform of an even (odd) function is even (odd) , the 
space of even (odd) functions is an tu-invariant subspace of S(y). 



2. Weil Representation of SL 2 ( 



Throughout this section, G = SL<2(Qp), G = SL^Qp) is a central ex- 
tension of G by C x , 4> = tpa is an additive character of Q p of conductor 
c = — val(a), and V = S(Q P ) is the Schrodinger model of the Weil represen- 
tation of G associated to xp. In addition, cb m will denote the characteristic 
function of p m Z p . 

The group G, as a Chevalley group, is generated by the elements 



x(t) = 

y(t) = 



i t 
i 

i 

t i 



where t G 



where t 6 



For t G Qp , the elements w(t) and h(t) are defined by 



w(t) = x(t)y(-t _1 )x(t) 



/i(t) =w(t)w(-l) = 



Let x(t) and y(t) be the unique lifts of x(i) and y(t); these elements 
generate the central extension G of G. For t G Q x , define the elements w(t) 
and fe(t) of G by 

iu(t) = x(t)y(-l/t)x(t), and h(t) = w(t)w(-l). 

These are the canonical lifts of w(t) and h(t), respectively. 

The elements wq = w(l/p) and w\ = w(l) form a set of representatives 
of the generators {sq, si} of the affine Weyl group W . The full set of 
representatives of W aS in G is {w(p n ), h(p n ) : n G Z}. 
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The Schrodinger model of the Weil representation (cu, V) is given by 

h(t)4>( y ) = $ t \t\ l/2 Wv) 
wx<b{y) = Yi$(y), 

with the Fourier transform 4> of <J) as in Section 11.61 It will be useful to 
consider the action of w(t) which, for y t = ptYi, is given by 

w(t)$>(y) =y t \t\ 1/2 Wy). 
2.1. The Constants <xt, |3(, and y t . 

Proposition 2.1. The constant ott is equal to 1 for all t G Q p . 

Proof. In any central extension of SL2(Q P ), one has h(r)x(s)h(r)~ 1 = x(sr 2 ), 
and hence 

[h(r), x(s)] = x(s(r 2 — 1)). 

Since Q* has an element whose square is not equal to 1, then every x(t) 
can be expressed as a commutator x(t) = [h(r], x(s)] where t = s(r 2 — 1). 
Therefore, for any E V, 

u t Mty 2 )${y) = x(t)Hy) 

= h(r)x(s)h(r~ 1 )x(—s)$>(y) 
= rL»( S (r 2 -l)y 2 )4)(y), 

so «t = 1. This fact is independent of the choice of 4>. □ 

Proposition 2.2. Let t be an element of Q* with n = val(i). Let m be the 
integer such that n — c — 1 < 2m < n — c, and set I = m + (c — 6) with 6 as 
in Proposition \1.8\ so that ct)_ m = vo\(p~ mr L v )§i. Then 

yt = P n/2 [ Mu 2 /t)du. 

Jp l Z p 

Proof. On the one hand, 

w(t)4>- m (0) =y t p- n / 2 vol(^ m Z p )4),(0) =y t p- n/2 vol(p- m Z p ). 
On the other hand, in G one has 

w{t) = x(t)y{-l/t)x{t) = x{t)wix{l/t)w^ l x{t), 
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so w(t)<$) m (Q) may be computed using 

w{t)<$>m{y) = x(t)w!x(l/t)wi 1 x(t)$- m (y) 
= xtywixil/tfw^ib-miy) 

= yf 1 vol(p- m Z p )x{t)w lX {l/t)<$> e (y) 
= yf 1 vo\( p - m Z p )x(t) Wl (My 2 m e (y)) 

= wo\{ p - m z p )Mty 2 ) f Mu 2 /t)M2uy)du; 

Jp e Z p 

that is, 

w 



(t)*-m(0) = V0l(p- m Z p ) [ Mu 2 /t)du. 

Jv e Z„ 



□ 



Corollary 2.3. For any s£Q p x Zei s' in Z* 6e given by s' = p val 0) s . The 
constant y t is given as follows. For p = 2, 



It = < 



For p 2, 



iPi(a't'/8) 

>i(l/8) i/a' = f(4) 
\pi(7/8) otherwise 



<f) */p= 1(4) 



i/ val(a), val(i) different parity, 
if val(a), val(t) same parity. 

if val(a), val(t) different parity, 
if val(a), val(t) same parity. 



Proof. This can be computed explicitly using the previous proposition in 
the four cases, recalling that 5 = 1 for p = 2 and 5 = for p ^ 2. 

Case 1 (p = 2, n = 2m + c + 1): If u G 2 £ x + 2 e+3 Z 2 , then u 2 G 
2 n+c (x 2 /8 + Z 2 ), and hence ijj a (u 2 /i) = il) a // t /(x 2 /8), which depends on the 
values of a' and t' modulo 8. Therefore, 



y, = 2«/ 2 £ / 

zez/8Z^ 2 



\|j(u 2 /t)du 
= 2"/ 2 vol(/+ 3 Z 2 ) ^a>/Ax 2 /8) 



= 2- 2 (4^ a , A ,(l/8)) 
= i|V/*(l/8). 

Every invertible element in Z/8Z has order 2, so ij> a // t /(l/8) = i|) a 't'(l/8)- 
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Case 2 (p = 2, n = 2m + c): If u G + 2^+ 2 Z 2 , then u 2 G 2 n+c (x 2 /4 + 
Z2), and hence ib a (w 2 /i) = ii) a // t /(x 2 /4), which depends on the values of a' 
and t' modulo 4. Therefore, 



y* = 2" /2 E / 

XEZ/4Z 2 



\|j(tt 2 /t)d« 
2"/ 2 vol(2^ 2 Z 2 ) £ ^a' A '(x 2 /4) 



= 2- 3 / 2 (2 + 2tl) a7t ,(l/4)) 

J_ 1)^(1/4) 
~ \/2 \/2 
_Ui(l/8) ifa' = f(4) 

}\pi(7/8) otherwise. 



Case 3 (p / 2, n = 2m + c + 1): If 11 £ /x + p m Z p , then u 2 G 

It' 



p n+c (x 2 /p + Z p ), and hence ib a (u 2 /i) = i|) a // t /(x 2 /p), which depends on the 



values of a' and i' modulo p. Therefore, 

Vt=p n/2 Y, [ Mu 2 /t)du 

= p n/2 voKp e+l Zp) J2^ a , /t ,(x 2 / P ) 

= P~ 1/2 [\>a>/t' (0) + 2 E ^a>/V (x/p) - J] t|V /t , (z/p) 



^~ 1/2 E (§W(*/p). 



The set S 1 appearing in the calculation above is the set of squares in ¥ p . The 
sum in the final line is a quadratic Gauss sum, and, since 



zeF* 



j^/p ifp = l(4) 
M>/p ifp = 3(4), 



a change of variables implies that 

(*Jf)i ifp = 3(4). 



"Yt = S 



The set 5 of squares in F p is closed under inversion, so 



a'/t' 
p 



P 



4> a (u 2 /i) = 1. Therefore, 
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Case 4 (p / 2, n = 2m + c): If u G j/Z p , then u 2 G p n+c Zp, and hence 

y t =p n / 2 vol(p%) = l. 

□ 



Corollary 2.4. If a = p c , then y\ (the Weil index associated to t[> = ^> a ) 
is given by 

>i(l/8) ifp = 2, 
~Y\ = \ i if p = 3 (4) and c is odd, 

1 otherwise. 

Corollary 2.5. 77ie constant |3( is a ^i/i root of unity, so G could be taken 
to be a two-fold central extension of G. 

Proof. Since (3^ = yt/yi, this corollary follows from the fact that yj is a 
primitive 8th root of unity for p = 2 and a 4th root of unity for p ^ 2. □ 

2.2. Iwahori- fixed Vectors. Let / be the Iwahori subgroup of SL2(Z p ) 
given by 

a b 



I 



pc d 



G SL<2(Zp) : a,b,c,d E 7i P \ , 

SL2(Q P ). Then I is generated by 



and let I be its full inverse image in G 
the elements 

{h(t) : t G Z* } U {x(t) :teZ p }U {y(t) : t G pZ p }. 

Suppose that § is an element of the Weil representation V that is supported 
on p mr L p and constant on p n Z p -cosets. For 4> to be a fixed vector under the 
action of I, it must be true that x(t)$> = cj) for all i G Z p and x(i)ct) = cj) for 
all t G pZ p . According to Proposition 11.71 ib is supported on p~ n+ ^ c ~^ r L p . 
Since x(t) acts by ib(iy 2 ), <\> can be fixed under I only if 

^(ty 2 ) = 1 for t£Z p ,y£ p m Z p 
^(ty 2 ) = 1 for t G p1 p ,ye p- n+( - c -^Z p 

that is, only if c < 2m < 2n < c + 1 — 25. In particular, there are no 
Iwahori- fixed vectors for p = 2. 

2.3. A Minimal Type for p = 2. For the remainder of the section, the 
discussion will be restricted to the case p = 2 with the additive character 
ij) = 1/2 °f Q2 which is trivial on 2Z2. In this setting, the Fourier transform 

on cb m is given by cb m = 2 _m cb_ m , and the volume of Z2 is equal to 1. 
Let K be the open compact subgroup of I C G generated by 

{h(t) : t G } U {x(t) : t G 2Z 2 } U {y(t) : t G 2Z 2 }; 

that is, if is the full inverse image of the group 



K 



a 
2c 



2b 
d 



G SL2(Z2) : a, b, c, d G Z2 



} 
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The subspace C4>o of V is ET-stable under the Weil representation since 

x(2)<bo = 4) , 
h(i)<\>o = (3t4? for tGZ 2 x , 
wifyo = Yi4>o- 

Denote by x ■ K — > C x the character satisfying tu(/c)4>o = x(k)4>0 for k G K 
which acts on the nontrivial subspace 

V K * = {(}) G V : u>(k)$ = x(fc)* for all k G 

Proposition 2.6. The character x satisfies the following. 

1. x(x(t)) =x(y(t))=i forte 2Z 2 . 

2. x(x(-l)y(t)x{l)) = x(x(l)y{t)x(-l)) = i|)(-*/4) /or t G 2Z 2 . 

3. V K * = C4) . 

Proof. Since 4 ) o = an d since y(t) = wix^tyw^ 1 , in order to prove the 
first part it suffices to compute the action of x{x(t)) on 4>o given by 

x(z(*))*o(y) =^(ty 2 )*o(y)- 

Clearly, this acts as 1 on c[)o if and only if t G 2Z 2 . 
By the first part of the proposition, x(#(i2)) = 1, so 

X(x(-l)y(t)x(l)) = x(x(2))x(x(-l)y(t)x(l))x(x(-2)) 

= x{x{l)y(t)x{-l)). 

To prove the second part of the proposition, it then suffices to compute the 
action of 

x{l)y{t)x{-\) = x(l) Wl x(-t)w^ 1 x(-l) 
on 4)o- The action of x(—l) on 4>o is given by 

x(-l)4) (y) =^(-y 2 )Mv) 

1 if y € 2Z 2 
-1 ifyGZ 2 \2Z 2 
otherwise 

= (-4)0 + 24)!) (y). 

Therefore, 

x(l)u;ix(-t)ti;f 1 (x(-l)4)o)(y) 

= x{l) Wl x(-t)w^ ( - 4) + 24)!) (y) 

= yr 1 x(l)^i (iJ;(-ty 2 )(-4)o + *-i)) (y) 

= x(l) [ ^(2 U y)^(-tu 2 )(-4>o + <$>-i){u)du 

J 02 

\|>(2uy)i|>(-tu 2 )dii, 



Ji 



i/2+z 2 
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the last equality following from the fact that — 4>o + <j>-i is equal to the 
characteristic function of 1/2 + Z2. Evaluating this expression at y = 
gives 

z(l)y(t)s(-l)cl>o(0) = f M~tu 2 )du. 

J1/2+Z2 

Hue 1/2 + Z 2 , then u 2 G 1/4 + Z 2 , so for f G 2Z 2 , i|;(-tu 2 ) = \|>(-t/4). 
Since vol(Z2) = 1, one has 

x(l)y(t)x(-l)4)o(0) =i|>(-t/4). 

To prove the third part, it is enough to show that V K >* C Ctyo. Let $ be 
an arbitrary element of V K ^ which is supported on 2 mr L 2 and constant on 
2 n Z2-cosets for m < n. Then (\) is supported on 2 _n Z2. Since x{2) and y(2) 
act trivially on V^'*, one must have that 4>(2y 2 ) = 1 for all y e 2 m Z2 and 
all y e 2~™Z 2 . Therefore, < m < n < 0, so (\) £ C<j) . □ 

2.4. The Associated Hecke Algebra. The Hecke algebra % = H(G//K; x) 
for this even type of the Weil representation is 

U = {/ e C 6 °°(G) : f(hxk 2 )=x(ki)f(x)x(k 2 ) for all fc< e K,x e G} 
with convolution 

(/l*/ 2 )(5)= / h{x)h{x- x g)djs. 
JG 

An element / of % is determined by its value on a set of representatives 
of K\G/K or, equivalents, a£K\G/K. By [5], 

G = SL 2 (Q 2 )= [J ImI 

where J is the Iwahori subgroup, W aS is the affine Weyl group, and w is a 
representative of s in G. 

It is straight-forward to see that K_ is a normal subgroup of J and that 
//.fC and I are each isomorphic to the group B{2) = : t e F2}. 

A set of double coset representatives of K\G/K, and hence of K\G/K, 
must then be contained in the set B{2) W aS B(2). However, some of these 
representatives are redundant and will now be eliminated. Working in the 
central extension G, since /i(£)x(l)/i(t) -1 = x(t 2 ), 

Kx(l)h(2 n )K = Kh(2 n )x(2- 2n )K = Kh{2 n )K for n < 0, 
Kh{2 n )x(l)K = Kx{2 2n )h{2 n )K = Kh{2 n )K for n > 0, 



and 



Kx{l)h{2 n )x{l)K 



Kx{l)h{2 n )K ifn>0, 
Kh(2 n )x(l)K ifn<0, 
Kh(l)K ifn = 0. 
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Similarly, since w(i)x(l)u;(t) _1 = y(—t 2 ), 

Kx{l)w(2 n )K = Kw(2 n )y{-2- 2n )K = Kw(2 n )K for n < 0, and 
Kw{T)x(l)K = Ky{-2- 2n )w{2 n )K = Kw{2 n )K for n < 0. 

A complete set of double coset representatives for K\G / K is given by 



w{2 n ) 


nez, 


h{2 n ) 


uez, 


w(2 n )x(l) 


n > 0, 


x(l)w(2 n ) 


n > 0, 


x(l)w(2 n )x(l) 


n > 0, 


x\l)h{2 n ) 


n > 0, 


h(2 n )x(l) 


n < 0. 



Lemma 2.7. T/ie support ofH is contained in KW a ^K. 

Proof. Let / be an element of %. Recalling two of the Steinberg relations 
w(a)x(t) = y(—a~ 2 t)w(a) and h(a)y(t) = y(a~ 2 t)h(a), and Proposition 12.6 
if n > 0, then 

f{w(2 n )x(l)) = X (x(2 2n+1 ))f(w(2 n )x(l)) 
= f{x{2 2n+l )w{2 n )x{\)) 
= f(w(2 n )y(2)x(l)) 
= f{w(2 n )x(l)) X {x(-l)y(2)x(l)) 
= if{w(2 n )x(l)), 

f{x(l)w(2 n )) = f{x(l)w(2 n )x(-2 2n+1 )) 

= X [x(l)y(2)x(-l))f{x(l)w(2 n )) 
= if{x(l)w(2 n )), 

f(x(l)w(2 n )x(l)x(-2 2n+l )) 
X (x(l)y(2)x(-l))f(x(l)w(2 n )x(l)) 
if(x(l)w(2 n )x(l)), 

f(x(l)h(2 n )y(2 2n+l )) 
X{x(l)y(2)x(-l))f{x(l)h(2 n )) 

*f(x(l)(2 n )), 



f{x{l)w(T)x{\)) 



f{x{l)h{2 n )) 



and, if n < 0, then 

f(h(2 n )x(l)) 



f{y(2- 2n+l )h{2 n )x{l)) 
= f{h(2 n )x(l)) X {x(-l)y(2)x(l)) 
= if(h(2 n )x(l)). 

Therefore, / = on all double cosets besides Kh(2 n )K and Kw(2 n )K. □ 
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In order to study the structure of H, two subalgebras corresponding to 
the representatives wq and wi of the two generators of the affine Weyl group 
are introduced. For i = 0,1, define 

1. Pi to be the group generated by K and Wi, 

2. Vi to be the subspace Pityo of V, 

3. Ui to be the induced representation ind^ Xi 

4. Hi to be the Hecke subalgebra 7i(P%//K;x). 

Lemma 2.8. Vo is 2- dimensional and V\ is 1- dimensional. 

Proof. It was already seen that the space CcJjq is instable; in addition, 

Wifyo G C4>0) so 

v l = p^o = C4) - 

It will now be shown that Vo = C<J)o © C4>i- The element wq = w(l/2) acts 
on ct)o and 4>i by 

u;(l/2)4>o(y) G C$ (y/2) = C4) (y/2) = C^y), 

u;(l/2)(t)i(i/) G C$i(y/2) = C(J)_i(i,/2) = Cct> (y)- 

Since y(2) = 2)wf 1 and x(— 2)cj)_i G C4) © C<J)_i, one has 

j/(2)(j)i = wix(-2)u; 1 - 1 ct) 1 = -yf W(-2)c|>-i G CcJ)o © Ccpi. 

Hence, Kfyo, Wo$q, Ktyi, and wq(\)i are all in Cct>o © Ccjii . □ 

Lemma 2.9. f/o 6-dimensional and U\ is 2- dimensional. 

Proof. The dimension of f/j is equal to the index of K in Pj. In the i = 1 case, 
the element w\ normalizes K, giving that P± = K U Kw\, so dimC/i = 2. 
For the i = case, the group Po is exactly the group from Section 
11.3.21 Under the isomorphism e ao , Po is isomorphic to SL 2 (Z 2 ) and K is 
isomorphic to the group 

^ c ^ G SL 2 (Z 2 ) : a,b, c, d G Z 2 

Therefore, the index of K in Po is equal to the index of the first congruence 
subgroup To(4) in SL 2 (Z). This, in turn, is equal to the index of the sub- 
group of upper triangular matrices in SL 2 (Z/4Z). Since SL 2 (Z/4Z) has 48 
elements and 8 of them are upper triangular, the dimension of Uq is equal 
to 6. □ 

Lemma 2.10. Both Hq and Hi are 2- dimensional. 

Proof. The group Pj is contained in the parahoric subgroup I U Iwil, which 
intersects W at 1 and Wi. Therefore, by Lemma l2.7[ any element of Hi 
can only be supported on K and KwiK, so Hi is at most 2-dimensional. 
On the other hand, the characteristic function of K is the identity element 
of H, and hence of Hi, so Hi is at least 1-dimensional. By Proposition 11.31 

Hom Pi (V7,^) = Hom^(V7\ X ) = Hom^X,^) = vf '* = C4> , 
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and so there exists a Pj-homomorphism from V* to U\- For both % = and 
i = 1, the dimension of Vi is less than the dimension of U, hence U must 
be reducible. Therefore, End(C/j), which by Proposition 11.51 is isomorphic to 
Hi, cannot be 1-dimensional. □ 

Lemma 2.11. There exist elements Tq of %q and T\ of %\ which satisfy 
the quadratic relations 

(T Q -2)(T + 1) = and (7\ - l)(Ti + 1) = 0. 

Proof. Let Tj be the element of Hi supported on KwiK normalized as fol- 
lows. Since %i is 2-dimensional, T, acts as an endomorphism on Ui with two 
eigenvalues \ and \±i corresponding to eigenspaces of dimensions ui; and n^. 
By Proposition 11.51 since T, is not supported on K, Ti acts as a trace-zero 
endomorphism on Ui, giving that 

\rm + [liUi = 0. 

By Frobenius reciprocity, Vi is one of the eigenspaces, say that of dimension 
mj. The element Tj is normalized to act by \ii = — 1 on the eigenspace 
of dimension ni (the one not containing 4>o). The other eigenvalue then is 
given by 

_ ni J 4/2 = 2 if j = 0, 
*~m~ [1/1 = 1 if * = 1. 

□ 

Lemma 2.12. The support ofH is KW a %K. 

Proof. From Lemma 12.71 it is enough to construct nonzero elements of % 
supported on each if-double coset of W aS . 

Let w be a representative of an element s of W aS , and write a minimal 
expression for s, say as the product s = . . . s, m of simple reflections sq and 
s\. Define the element T w of % by T w = Tj t • • • Tj m . The minimal expression 
for s is unique since there are no braid relations in W aS , and hence T w is well- 
defined. The Hecke algebra H has a one-dimensional representation C(\>q on 
which To and T\ act by the scalars 2 and 1, respectively. In particular, T w 
acts on cfo as a product of 2's and l's, so T w ^ 0. Since wo and are 
representatives of so and si in G, the support of T w satisfies 

supp(T„,) = Kw il Kw i2 K ■ ■ ■ Kw im K C Iw^Iw^I ■ ■ ■ Iw im I = Iwl, 

the last equality holding since the expression of s in terms of simple re- 
flections is minimal. The double coset Iwl is the union of finitely many 
if-double cosets; however, elements of % are not supported outside of those 
i^-double cosets parametrized by W aS . Therefore, the support of T w must 
be equal to KwK. Moreover, the set of nonzero elements {T w : w 6 VF aff } 
forms a basis for %. □ 

Theorem 2.13. Abstractly, % is the algebra generated by To andT\ subject 
to the quadratic relations {Tq — 2)(T$ + 1) = and (T\ — l)(Ti + 1) = 0. In 
particular, % is isomorphic to the Iwahori-Hecke algebra o/PGL2(Q>2)- 
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Proof. Let A be the Iwahori-Hecke algebra of PGL2(Q2)- Then A is gen- 
erated by two elements to, t\ subject only to the quadratic relations (to — 
2) (to + 1) = and (t\ — l)(h + 1) = 0. For w a representative of s in W aS , 
write s = Si x . . . Si m as a reduced expression, and define the element t w of A 
by t w = ti ± . . . tj m . These elements t w form a basis for A (see [5]). Define a 
map A — > % by t w H )• T w . Since % satisfies the same relations as A, it is a 
homomorphism that sends a basis to a basis and is thus an isomorphism. □ 



3. Weil Representation of Sp 2ri (Q2) 

Throughout this section, W is a 2n-dimensional symplectic vector space 
over <Q>2> X+y is a complete polarization of W, G = Sp(W) is the symplectic 
group, G = Sp(W) is a central extension of G by C x , 4> = 1^1/2 is an 
additive character of Q2 of conductor c = 1, and V = S(y) = S(Q%) is the 
Schrodinger model of the Weil representation of G with respect to \b. Recall 
that the elements x(b), h(b), and w in G are lifts of 



1 b 
1 



b 

T5-1 



and 



1 
-1 



respectively, 



and that the Weil representation (cu, V) is given by 
x(b)$(y) = \\>( r yby)<b(y) 
M6)*(y) = (3 fe |det(6)| 1 / 2 4)(%) 

M>(y) = Yi$(y)- 

Since x(6) can be expressed as a product of elements in the positive root 
groups, the usual constant a* is the product of some of the ott from the SL2 
case, each of which is equal to 1. Similarly, if b is diagonal, then hip) is the 
product of some of the h a (t), so the constant p;, is a 4th root of unity. In 
particular, the central extension G = Sp(W) could be taken to be a two-fold 
central extension. 

As a central extension of a Chevalley group, G is generated by x a {t) for 
a € <I> and t G Q2, and is subject to Steinberg's relations for covering groups 
(see Section [1.3.3P . Using the notation of Section [L2l for a positive root <x, 
X a is one of 



Eji 




-Ej. 



Eij + Eji 






" 


En 


, or 









In the first case, x a (t) = h(b) with 6 = 1 + tX a ; in the second and third 
case, x a (t) = x(b) with 6 = tX a . The root a is a short root in the first two 
cases and a long root in the third case. 

Define the elements wo , w\ , . . . , w n of G using the same formulas as in the 
linear case (see Section [1.3.2p . These elements are representatives in G of 
the simple generators sq, s\, . . . , s n of the affine Weyl group W aS . 
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3.1. A Minimal Type for p = 2. The Iwahori subgroup I of G is the full 

inverse image of the Iwahori subgroup I of G, so that I is generated by 

{M«):« 6 Z,"}u{..W= ^SX^o}' 

For a a postive long root, the action of x a {t) (on its particular coordinate) 
mirrors that of the action of x(t) in the SL2 setting. By looking at each of 
the long roots, one sees that the Weil representation can only have Iwahori- 
fixed vectors if p 7^ 2, in which case the fixed vector must be a multiple 
of the characteristic function of the standard lattice Z™. This, along with 
the preceding section, motivates the definition (in the p = 2 setting) of the 
subgroup K of I generated by 

{t £ Z 2 for a > 0, short 1 
x a (t) : t£2Z 2 for a > 0, long \ . 
t 6 2Z 2 for a < J 

A very nice way to think of K is the following. Recall the general definition 
of the Iwahori subgroup of Sp 2n (Z2) as the inverse image (under projection 
modulo 2) of the Borel subgroup B of the finite symplectic group Sp 2n (2). 
The finite orthogonal group 02n(2) is defined as the set of linear operators 
of a 2n-dimensional vector space over F2 under which a symmetric qua- 
dratic form q is invariant. Associated with q is the bilinear form (x, y) given 
by (x,y) = q(x + y) + q(x) + q(y), which is clearly symmetric. However, 
in characteristic 2, a symmetric form is also skew-symmetric, so C>2n(2) is 
a subgroup of Sp 2n (2). As Chevalley groups, the finite orthogonal group 
C>2n(2) is precisely realized as the subgroup generated by the short root 
groups (see [I]). Under this identification, the Borel subgroup B' of 02n(2) 
is the subgroup of B generated by the short positive roots, K_ is the pull- 
back of B' to Sp 2n (^2) and K is the full inverse image of K_ in the central 
extension G. 

K I Sp2„(Z 2 ) 



B> * B Sp 2 „(2) 

Lemma 3.1. Let §>q G V be the characterstic function of the standard lattice 
7*2- Then C<$q is a K-stable subspace ofV. 

Proof. It must be shown that the generators of K preserve the space Ccf)o. 
In the four cases that follow, let y = (yi, . . . , y n ) be an element of E;. 

1. A generator /i a (c) is of the form h(b) for b a diagonal matrix with entries 
in Z2 . Then J by is in ZJ?, so /i K (i)cJ)o £ Ctyo. 

2. Let i £ Z2 and a a short root so that x a (t) is of the form h(b) with 
6 = 1 + tEij. Then T 6 acts on y by replacing yj with yj + tyi, which is 
still in Z2, Therefore, x a (t)<bo G C$>q. 
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3. Let i £ Z2 and a a short root so that x a (t) is of the form x(b) with 
b = t(Eij + Eji). Then J yby = 2tinyj G 2Z 2 , and hence x a (t)(\)o = 4>o • 

4. Let t G 2Z2 and a a long root. Then x a (t) is of the form x(b) with 
6 = tEa, and T y6y = iy 2 G 2Z2. Therefore, x K (i)(j)o = 4>o - 

□ 

Proposition 3.2. Xe^x ^ e ^ e character of K defined by <£>(k)<\>Q = x(^)4>0i 
which acts on the nontrivial subspace 

V K * = {4> G V : co(fc)(|> = xW4> /or aH fc G K}. 

Then 

1. x[ x a.(t)) = 1; for t £ 2Z2 and a postive, long. 

x{ x cx(— l)^-a(O x a(l)) = 4K - /or i G 2Z2 and a positive, long. 
3. V K ' X = Cfo. 

Proof. The first part follows from the proof of the previous lemma. The 
second part follows from Lemma 12.61 since the action of x a (— l)x_ a (t)x a (l) 
on the first component of S(y) is the same as the SL2 action of x(— l)y(t)x(l) 
from before. For the third part, since a function <J) in V is the tensor product 
of functions on Q2, each piece of a function G V K)X must be be supported 
on Z2 and trivial on Z2-cosets, and hence must be a multiple of 4>o. □ 

3.2. The Associated Hecke Algebra. The Hecke algebra H = H(G//K; x) 
for this even type of the Weil representation is 

H = {/ G C c °° : f(k lX k 2 ) = X{h)f{x)x(k 2 ) for all h G K,x G G}. 

Lemma 3.3. The support ofH is contained in KW a ^K. 

Proof. As before, an element / of % is determined by its value on a set of 
representatives of K\G / K or, equivalently, of K\G / K. By [5], the /-double 
cosets are parametrized by W aS . In addition, the 1 1 1 K- and X\/-cosets have 
as representatives products of elements of the form x a (l) for a positive and 
long. Therefore, a typical double coset of K\G/ K is of the form KX1WX2K 
where w is a representative an element of the affine Weyl group and x±,X2 
are products of some of those x a (l)'s. 

Suppose that x a (l) occurs in x\ and that w~ 1 x a (l)w = x$(t) for some 
root (3 and some t G 2Z2. All of the long root groups commute with each 
other, so it may be assumed that x\ = x^x^l). If does not occur in 

X2, then 

Kx , 1 x c(l)wx 2 K = Kx' 1 wx2X$(t)K = Kx[wx2K. 
If does occur in x 2 , say X2 = x 2 x_p(l), then 

K x'iX a (l)wx2K = KxiWX 2 xp(t)x-p(l)K 

= Kx' 1 wx , 2X^{l){x^{-l)x^{t)x^{l))K 
= Kx'iWXzK, 
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consisting of matrices of the form 



is a normal subgroup of the 



with the last equality following from the fact that the subgroup of SL 2 (1*2) 

a 2b 
2c d 

Iwahori subgroup of SL^^). In either case, if t € 2Z2, then x a (l) may be 
moved across and absorbed into K. 

Supposing now that x a (l) occurs in x\ with w~ 1 x K (l)w = x$(t) for t £ 
2Z, 2 , suppose further that xa(l) occurs in x-i. Since wx$(\)w~ x = x a (l/i), a 
similar argument to that above permits the assumption that 1/t £ 2Z.2 ; that 
is, it may be assumed that t eZ^or that 1+t € 2Z2. Writing x\ = x[x a (l) 
and X2 = x' 2 Xfi(i), one has 

KxiX a (l)wx 2 Xfi(l)K = Kx' x wx' 2 x$(t + 1)K = Kx']WX 2 K. 

Therefore, it may be assumed that such an x a (l) occurring in x\ precludes 
the appearance of the corresponding xp(l) in x 2 . 

In summary, if x a (l) occurs in x\ with w~ 1 x ,(l)w = Xp(i), it may be 
assumed that t ^ 2^2 and that xp(l) does not occur in x 2 . For / G H, 
writing x\ = x a (l)x' 1 , one has 

f(xiwx 2 ) = f(x 1 wx 2 )x{x^(2/t)) 

= f(xiwx 2 x-fl(2/t)) 

= f(x 1 wx-^(2/t)x 2 ) 

= f(x 1 x- <x (2)wx 2 ) 

= f(x oc (l)x- a .(2)x a ,(-l)x 1 wx 2 ) 

= x(^a(l)^-a(2)x a (-l))/(xiiwx 2 ) 

= if(X!WX 2 ), 

giving that f(xiwx 2 ) = 0. Therefore, T~L is not supported on any coset 
Kx\wx 2 K when x\ is nontrivial. A symmetrical calculation shows that T-L 
is not supported on any coset Kwx 2 K when X2 is nontrivial. Hence the 
support of % is at most the set of double cosets parametrized by the affine 
Weyl group. □ 

As in the SL2 setting, in order to study the structure of T~L, subalgebras 
Tio, . . . , 7i n are introduced. For i = 0, . . . , n define 

1. Pi to be the group generated by K and Wi, 

2. Vj to be the subspace Pifyo of V, 

3. Ui to be the induced representation ind^ Xj 

4. Tii to be the Hecke subalgebra H{Pi//K\x)- 

Lemma 3.4. The dimension of Vi is 

2 if i = Q, 



L if i = l,...,n. 

Proof. The action of wq = iu a „(l/2) = w 2 ^ 1 (l/2) on the first component of 
S(y) is the same as the action of w(l/2) in the SL2 case. Similarly, the 
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action of w n = w an (l) = W2\ n {l) on the last component of S(y) is the 
same as the action of w(l) in the SL2 case. Therefore, by Lemma 12.81 the 
dimension of Vq is 2, and the dimension of V n is 1. For % = 1, . . . , n — 1, Wi 
is of the form h(b), hence Pi fixes C($>o, and the dimension of Vi is 1. □ 

Lemma 3.5. The dimension of Ui is 

6 if i = 0, 
3 if i = 1, . . . , n — 1, 
2 if i = n. 

Proof. The dimension of Ui is equal to the index of K in Pi. In the i = n 
case, the element w n normalizes K, giving that Kw n K = K U Kw n , so the 
index of K in P n is 2. In the other cases, using the notation of Section 
11.3.21 the group Pi is exactly the group K Ki K, so the index of K in Pi 
is equal to the index of K n in K ai . This index will be studied via 
the map e ai : SL2(Q2) — ^ G, under which is isomorphic to SL2(Z2). 
For i = 0, the group iT n K^ Q is generated by x Ko (i) and x_ ao (4i) for 
t G Z2. Therefore, K n K a o is isomorphic to the first congruence subgroup 
of SL2(Z2), which is a subgroup of index 6 (see the proof of Lemma l2.9f> . 
For i = 1, . . . , n — 1, the group K n -ftT ai is generated by x ai (i) and x_ ai (2t) 
for t 6 Z2. Therefore, -KT n K ai is isomorphic to the Iwahori subgroup of 
SL2(Z2), which is a subgroup of index 3. □ 

Lemma 3.6. Each Hi is 2- dimensional. 

Proof. The group Pi is contained in the parahoric subgroup / U Iwil, which 
intersects W only at 1 and W{. By Lemma [3T3l the only double cosets on 
which Hi is supported are K and KwiK, so Hi is at most 2-dimensional. 
The characteristic function on K is the identity element of each Hi, so Hi 
is at least 1-dimensional. As in the proof of Lemma l2.10( 

Hom Pt (^*, Ui) = Hom x (V7\ X ) = Hom*(x, Vi) = V?'\ 

Since dim Vi < dimC/j, the induced representation Ui must be reducible, and 
hence, End(£/j) = Hi cannot be 1-dimensional. □ 

Lemma 3.7. For i = 0, ... ,n, there exists elements Ti ofH, supported on 
KwiK , which satisfy the quadratic relations 

(Ti + l)(Ti-2)=0 fori = 0,1,. ..,n-l 

(r n + i)(r n -i) = o 

and the braid relations given by the following Coxeter diagram. 

m m • — • • • — • • 

T T x T 2 T n 
Proof. As Hi is 2-dimensional, an element with support KwiK acts as a 
trace-zero endomorphism of Ui by two eigenvalues Aj and (Xj with corre- 
sponding eigenspaces of dimension rrii and m. Let Vi be the eigenspace of 
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dimension mj. Choose such an element T{ normalized to act by (Xj = — 1 on 
the other eigenspace (that which does not contain cbo). Since 

\rm + mrii = 0, 

'4/2 = 2 ifi = 0, 
< 2/1 = 2 ifi = l,...,n-l, 
1/1 = 1 if i = n, 

which gives the desired quadratic relations. 

Let Si 1 Sj 2 Sj 1 • • • = s^s^Sjj • • • be a braid relation in the affine Weyl group, 
and let u>i 1 , Wi 2 be the corresponding representatives of , Sj 2 in the group 
G. The support of T^T^T^ • • • satisfies 

Kw^Kw^Kw^K ■ ■ ■ C IwiJw^IwiJ ■ ■ ■ = Iw^w^w^ ■■■ I, 

while the support of T^T^T^ • • • satisfies 

Kwi 2 Kwi x Kwi 2 K ■ ■ ■ C Iwi 2 Iwi x lwi % l ■ ■ ■ = Iw^w^w^ ■■■ I. 

The last equalities in these two statements follow from the fact that the 
corresponding expressions in the affine Weyl group are minimal expressions. 
In addition, the braid relation of W aS implies that these two /-double cosets 
are equal. However, the elements of T~L are only supported on K-double 
cosets of W aS , so the two functions T^T^T^ • • • and T^T^T^ • • • must be 
supported on 

Kw il w i2 w il ■■■ K = Kwi 2 w ix w i2 ■■■ K. 

It follows that they must be equal up to multiplication by a scalar. By 
considering the representation Cct)o of T~L on which Ti k acts by either 1 or 2, 
one concludes that the functions must, in fact, be equal. Therefore, every 
braid relation of W aS yields a corresponding braid relation of Ti. □ 

Lemma 3.8. The support ofU is KW aff K. 

Proof. From Lemma 13.31 it remains only to verify that H contains a non- 
trivial element supported on every if-double coset of W aSi . Let w be a 
representative of an element s of the affine Weyl group, and write a minimal 
expression s = Si ± . . . Si r for s as the product of simple reflections. Define the 
element T w = . . . Ti r of %. The Hecke algebra satisfies the same braid 
relations as the affine Weyl group, so this definition of T w is independent of 
the choice of minimal expression. As in the proof of the previous lemma, 
this element is supported on KwK. Since each Tj fc acts on cpo by 1 or 2, 
T w 7^ 0. Moreover, the set of nonzero elements {T w : w G p^ afT } forms a 
basis for T~L. □ 

Theorem 3.9. Abstractly, % is the algebra generated by Tq, . . . ,T n subject 
to the quadratic and braid relations from Lemma \3.7\ In particular, % is 
isomorphic to the Iwahori-Hecke algebra of S02n+i(Q2)- 
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Proof. Let A be the Iwahori-Hecke algebra of S02n+i(Q2) with generators 
to, . . . ,t n . Then (t{ — 2)(tj + 1) = for all i and the braid relations satisfied 
by the ti are given by the following Coxeter diagram. 




For each w G W , define an element t w = tj 1 . . . ti r where w = . . . Si r is 
a minimal expression for w. By [5], {t w : w G VF aff } forms a basis for A 

Let t be the involution that exchanges the tg and t\ vertices of the Coxeter 
diagram. The automorphism x can replace to as a generator of A (since 
to = T tiT) which satisfies 

T 2 = 1 and T t]T ti = toti = Mo = M *lT. 

Define a map on the generators from A to % by 

t i y T n , and tj i— )• T n _j for i = 1, . . . , n. 

This map extends to a homomorphism which sends each basis element t w of 
A to a basis element T w of so it must be an isomorphism. □ 
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